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Abstract: The surprising simplicity of Barvinsky-Nesterov or equiv-
alently Gelfand-Yaglom methods of calculation of quantum determinants
permits to obtain compact expressions for UV-finite difference of one-loop
quantum energies for two arbitrary values of parameter of the double-trace
asymptotic boundary conditions. This result generalizes Gubser and Mitra
calculation for particular case of difference of ”regular” and ”irregular” one-
loop energies in one-brane RS-model. Approach developed in the paper also
allows to get ”in one line” the one-loop quantum energies in two-brane RS-
model. The relationship between ”one-loop” expressions corresponding to
mixed Robin and to double-trace asymptotic boundary conditions is traced.
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1 Introduction
In 2001 Witten [1] showed that in frames of the AdS/CFT correspondence
multi-trace deformation W (Oˆ) of the boundary quantum field theory may
be equivalent to the boundary condition (further on - b.c.)
α =
∂W (β)
∂β
(1)
imposed upon the regular (α) and irregular (β) asymptotics at the AdS
horizon (z → 0) of the bulk scalar field φ:
φ = α z
d
2
+ν + β z
d
2
−ν , (2)
where α corresponds to the source of single-trace operator Oˆ whereas β - to
its quantum average.
In case of the double-trace deformation W = (1/2)fOˆ2 (1) comes to
α = f β. (3)
Here Euclidean metric of (d + 1) dimensional AdS space of the Randall-
Sundrum (RS) model is taken in a form
ds2 =
dz2 + ηµνdx
µdxν
(kz)2
, (4)
and ǫ < z < L (z = ǫ, L are position of UV and IR branes), µ, ν = 0, 1, ...(d−
1), ηµν = δµν in Euclidean signature, k is AdS curvature scale, and φ = φ(~p, z)
satisfy the equation (~p is momentum in Euclidean d-space, p = |~p|):
Dˆ(p)φ =
[
−z2 ∂
2
∂z2
+ (d− 1)z ∂
∂z
+
(
ν2 − d
2
4
)
+ z2p2
]
φ = 0, (5)
ν =
√
d2/4 +m2/k2 for minimal action of the bulk scalar field of mass m.
Gubser and Mitra showed in [2] (see also [3], [4]) that difference of bulk
Green functions satisfying asymptotic b.c. (3) for two values of double-trace
parameter f is UV-finite at coinciding arguments:∫
[Gf2(p; z, z)−Gf1(p; z, z)] ddp < ∞, (6)
2
where Green function Gf(p; z, z
′) is taken in Euclidean signature and is given
by formula (32) of [2]:
Gf(p; z, z
′) =
−k
d−1(zz′)d/2Kν(pz
′)
1 + f¯
{[I−ν(pz) + f¯Iν(pz)] θ(z′ − z) + (z ↔ z′)}
(7)
f¯ = f
(
2
p
)2ν
Γ(1 + ν)
Γ(1− ν) ,
I±ν , Kν are Bessel functions of imaginary argument, here L = ∞, and ex-
pression for f¯ is obtained from comparison of asymptotic of (I−ν + f¯ Iν) at
z → 0 with (2), (3) [2].
However, as it was pointed out in [2], it is hard to calculate for general
values of f the one-loop vacuum energy corresponding to difference (6) of
Green function.
In the present paper, which is development of [5], calculation of this one-
loop energy is performed with simple ”boundary operator” formula, proposed
by Barvinsky and Nesterov (B-N) [6]-[9] for ratio of determinants of one and
the same differential operator in one-dimensional problem for two different
b.c. imposed upon eigenfunctions of Dˆ. It will be shown also that in this
case B-N approach is equivalent to Gelfand-Yaglom (G-Y) method [10]-[13].
Let us describe in short B-N and Y-M approaches which application is
crucial for this paper.
As it was demonstrated in [6]-[9] the ratio of determinants of differential
operator for two different b.c. is equal to ratio of determinants of certain
”boundary operators” given by the corresponding Green functions with their
arguments taken at the boundary. The idea behind it is seemingly simple al-
though proves to be very effective: Gauss functional integral, which gives the
looked for determinant, is a product of the functional integral over bulk field
with fixed values at the boundaries (that is when Dirichlet b.c. are imposed)
and of the functional integral over boundary values of the field weighted by
boundary operator depending on b.c. under consideration; thus in the ratio
of determinants bulk functional integrals reduce. In one-dimensional prob-
lem boundary is a dot and boundary operator is just a number equal, as
it is shown in [6]-[9], to the value of corresponding Green function at the
boundary. Finally ratio of determinants comes to the product of ratios of
3
boundary operators of the one-dimensional problem over quantity parame-
terizing one-dimensional problem (momentum ~p in transverse d-space in this
paper).
G-Y approach [10]-[13] says that product of eigenvalues (determinant)
of differential operator of the one-dimensional problem Dˆφn(z) = λnφn(z)
defined on interval a < z < b and determined by b.c. A[φ(a)] = 0 and
B[φ(b)] = 0 (A[φ], B[φ] are some combinations of φ and its derivative φ′
taken at corresponding points) may be expressed through solution v(z) of
homogeneous equation Dˆv(z) = 0 which obey given b.c. at one boundary,
say at z = a, that is A[v(a)] = 0; then G-Y method gives DetDˆ ∼ B[v(b)].
The logic of the proof of this quite effective formula is double-step: (1) for
solution φ(z|λ) of Eq. DetDˆφ = λφ, which obey b.c. A[φ(a|λ)] = 0 and
which is considered as a function of λ, function B(λ) ≡ B[φ(b|λ)] have zeroes
at λ = λn; (2) since logarithmic derivative of B(λ) (d lnB(λ)/dλ) has poles
in complex λ-plane exactly at λ = λn it is possible to express ζ-function
(ζ(s) =
∑
λn
−s) with contour integral over this logarithmic derivative and
finally, after a number of rather conventional steps, to get the looked for
G-Y formula e−ζ
′(0) = DetDˆ ∼ B(λ = 0) = B[φ(b|0)] = B[v(b)] (since
φ(z|0) is nothing but a homogeneous solution v(z) introduced above in this
paragraph).
As to our knowledge the correspondence of B-N and G-Y methods was not
considered in literature so far. The bulk of the paper consists of the examples
of application of B-N method with certain parallels with G-Y approach. In
Appendix the power of G-Y method is demonstrated by a number of physical
problems where G-Y formulas immediately give well known values of Casimir
potential calculated conventionally in a rather complex way.
In standard approach applied in [2] - [5] calculation of one-loop energy
V (d) in (d + 1) dimensional RS-model is performed with three integrations:
over p like in (6), over z between its endpoints, and over mass squared pa-
rameter α according to the well known identity:
V =
1
2
lnDet Dˆ =
∫
dα˜
∂V
∂α˜
=
1
2
∫ α
dα˜Tr lnG(x, z; x, z; α˜). (8)
B-N or G-Y methods permit to ”jump over” integrations over z and α,
and immediately give answer for ratio of determinants of differential operator
of one-dimensional problem parametrized in our case by p (see (5)). Then
corresponding difference of one-loop quantum energies in d dimensions is
given by integral over ~p:
4
V
(d)
2 − V (d)1 =
1
2
∫
ddp
(2π)d
ln
[
Det2Dˆ(p)
Det1Dˆ(p)
]
. (9)
It is shown in the paper that integral in (9) is UV-convergent if indexes 2, 1
in (9) refer to two values f2, f1 of the double-trace parameter in asymptotic
b.c. (3). And on the other hand integral in (9) is UV-divergent if these
indexes refer to two fixed Robin parameters of mixed b.c. imposed at z = ǫ.
The ”strange discrepancy” (see Sec. III in [5]) of expressions for difference
of ”regular” and ”irregular” one-loop energies (V+ − V− = Vf=∞ − Vf=0)
calculated with different choice of parameter α in (8) (
√
α = m in [2]-[4],
and
√
α is auxiliary mass introduced in [5]) perhaps is resolved in this paper.
In any case formula for V
(d)
+ − V (d)− obtained in section 3 differs from both
competing expressions of [2] and [5].
Structure of the paper is as follows. In Sec. 2 the work of B-N and G-Y
methods, their equivalence, and correspondence of Robin b.c. and asymptotic
b.c. are demonstrated by an elementary dynamical example. Sec. 3 presents
results of calculation of UV-finite one-loop quantum energy for double-trace
asymptotic b.c. in one-brane (L =∞) and two-branes (L <∞) RS-models.
Conclusion outlines the possible ways of future work. Appendix presents a
number of striking examples of power of G-Y method.
2 Elementary example: identity of B-N and
G-Y methods
In this Section we demonstrate the identity of Barvinsky-Nesterov (B-N)
and Gelfand-Yaglom (G-Y) methods of calculation of ratio of quantum deter-
minants determined by different Robin or asymptotic b.c. on an elementary
example of differential operator Dˆ0 of massless scalar field φ in flat (d + 1)
dimensions:
Dˆ0(p)φ(p, z) =
[
− ∂
2
∂z2
+ p2
]
φ(p, z). (10)
Dˆ0 is defined on interval ǫ < z < L (here are kept the notations used in the
Introduction).
We consider two spectra of eigenvalues λ(1)n , λ
(2)
n of Eq. Dˆ0φ1,2(z) =
λφ1,2(z) determined by one and the same Neumann b.c. at z = L and two
5
mixed Robin b.c. at z = ǫ (prime means derivative over z throughout the
paper):
φ′1,2(L) = 0; φ
′
1,2(ǫ) + r1,2φ1,2(ǫ) = 0. (11)
Then, according to B-N boundary operator approach, the ratio of corre-
sponding determinants of Dˆ0 is given by the ratio of corresponding Green
functions with their both arguments taken at the boundary where different
b.c. are imposed (that is at z = ǫ in our example):
∏
n λ
(2)
n∏
n λ
(1)
n
=
Detr2−NDˆ0(p)
Detr1−NDˆ0(p)
=
G
(0)
r1−N(p; z, z
′)
G
(0)
r2−N(p; z, z
′)
∣∣∣∣∣∣
z=z′=ǫ
≡ Q0(p). (12)
Green functions in (12) obeying Eq. Dˆ0(p)G
(0)(p; z, z′) = δ(z − z′) and
b.c. (11) are given by standard expression:
G
(0)
r−N(p; z, z
′) =
ur(z) v(z
′) θ(z′ − z) + (z ↔ z′)
u′rv − urv′
, (13)
where v(z) = cosh p(z − L) and ur1,2(z) = p cosh p(z − ǫ) − r1,2 sinh p(z − ǫ)
obey b.c. (11):
v′(L) = 0; u′r1(ǫ) + r1ur1(ǫ) = 0; u
′
r2
(ǫ) + r2ur2(ǫ) = 0. (14)
Thus for the ratio of determinants Q0(p) (12) it is obtained from (13) and
from the explicit expressions for v(z) and ur1,2(z):
Q0(p) =
ur1(ǫ)
ur2(ǫ)
· u
′
r2
v − ur2v′
u′r1v − ur1v′
=
p sinh p(L− ǫ)− r2 cosh p(L− ǫ)
p sinh p(L− ǫ)− r1 cosh p(L− ǫ) . (15)
Let us demonstrate now the identity of B-N expressions (12), (15) with
the Gelfand-Yaglom (G-Y) formula for the ratio of determinants:
Q0(p) =
Detr2−NDˆ0(p)
Detr1−NDˆ0(p)
=
v′(ǫ) + r2v(ǫ)
v′(ǫ) + r1v(ǫ)
, (16)
where v(z) = cosh p(z−L) is the introduced above solution of homogeneous
equation Dˆov(z) = 0 obeying Neumann b.c. at z = L.
The identity of expressions (15) and (16) is immediately seen from the ex-
plicit expression for v(z) and also in general if we substitute in (15) u′r1,2(ǫ) =
6
−r1,2ur1,2(ǫ) from b.c. (14). This simple observation proves to be quite useful
in subsequent analysis.
Difference of one-loop energies corresponding to ratio of determinants
(12)
V (d)r2 − V dr1 =
1
2
∫
ddp
(2π)d
ln Q0(p) (17)
is UV-divergent if Robin coefficients r1, r2 are fixed constants, as it is seen
from explicit dependence Q0(p) given in (15). We shall show however that
application of this logic to asymptotic b.c. (3) makes r1, r2 in (15) dependent
on f1, f2 and on momentum p in a way that makes Q0(p) → 1 at p → ∞,
hence integral in (17) is UV-finite in this case.
Analogy of asymptotic, at z → 0, expression (2) for elementary differ-
ential operator (10) is φ = αz + β (this formally corresponds to d = 1,
ν = 1/2 in (2)). And analogy of Gubser-Mitra Euclidean Green function
(7) (although here we take L < ∞) obeying Neumann b.c. at z = L and
double-trace asymptotic b.c. α = fβ at z → 0 is Green function:
G
(0)
f−N (p; z, z
′) =
uf(z) v(z
′) θ(z′ − z) + (z ↔ z′)
u′fv − ufv′
=
(18)
[cosh pz + f¯ sinh pz] cosh p(z′ − L) θ(z′ − z) + (z ↔ z′)
p (sinh pL+ f¯ cosh pL)
;
f¯ =
f
p
.
Now, according to B-N prescription, we take the ratio of two Green func-
tions (18) for two double-trace parameters f1, f2 at z = z
′ = ǫ and, following
(12), define with this ratio the ratio of corresponding determinants:
G
(0)
f1−N
(p; z, z′)
G
(0)
f2−N
(p; z, z′)
∣∣∣∣∣∣
z=z′=ǫ
=
cosh p ǫ+ f¯1 sinh p ǫ
sinh pL+ f¯1 cosh pL
· sinh pL+ f¯2 cosh pL
cosh p ǫ+ f¯2 sinh p ǫ
=
Detf2−NDˆ0(p)
Detf1−NDˆ0(p)
=
∏
n λ˜
(2)
n∏
n λ˜
(1)
n
≡ Q˜0(p). (19)
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Ratio (19) depends on ǫ which is not present in definition of Green func-
tion (18), as well as it is not present in (7). As it was noted formula (19)
is actually a definition of the ratio of determinants, that is a definition of
corresponding eigenvalues λ˜(1),(2)n - just like authors of paper [2] defined UV-
finite one-loop energy V
(d)
+ − V (d)− with integral over z from ǫ to ∞ although
asymptotic b.c. (3) is imposed at z → 0 and integrand (which is the differ-
ence of regular and irregular Green functions) does not know anything about
z = ǫ.
Difference of vacuum energies corresponding to ratio of determinants (19)
and given by
∫
ddp ln Q˜0(p) (cf. (9) or (17)) is UV-finite since for f¯ weakly
depending on p (like in (18) (c.f. also (7)) Q˜0(p) in (19) → 1 at p→∞.
There is the question: what Robin b.c. at z = ǫ characterized by param-
eter r (like in (11)) corresponds to asymptotic condition (3) characterized
by double-trace parameter f? Or in other words: what are conditions of
identity of Q0(p) and Q˜0(p) in the RHS of (12) and (19) correspondingly?
Function uf(z) = cosh pz + f¯ sinh pz in expression for Green function (18)
formally obeys at z = ǫ Robin b.c. u′(ǫ) + rǫ u(ǫ) = 0 for Robin parameter:
rǫ = −u
′(ǫ)
u(ǫ)
= −p (sinh p ǫ+ f¯(p) cosh p ǫ)
cosh p ǫ+ f¯(p) sinh p ǫ
, (20)
and it is easy to check that substitution of (20) in B-N ratio (15) gives B-N
ratio (19) identically.
Also knowledge of rǫ = rǫ(f¯) (20) permits to put down the equations for
spectra λ˜(1),(2)n defined in (19):
√
λ˜n − p2 tan[
√
λ˜n − p2 (L− ǫ)] = −rǫ = p (tanh p ǫ+ f¯(p))
1 + f¯(p) tanh p ǫ
, (21)
f¯(p) see in (18). This equation is obtained from spectral equation Dˆφn =
λn φn, and b.c. (11) where rǫ is taken from (20). At ǫ = 0 (21) simplifies and
also makes sense, as well as the ratio of determinants (19) makes sense in the
limit ǫ → 0. However in this case one-loop energy given by ∫ ddp ln Q˜0(p)
is UV-divergent. Thus ǫ > 0 really serves the UV-regulator of quantum
loops in d-space; is not it curious to see this well know fact of AdS/CFT
correspondence in the simplest example of this section.
Transcendental equation (21) for λ˜n is valid in particular for ’regular’
(f¯ = ∞) and ’irregular’ (f¯ = 0) asymptotics. It is also seen that (21)
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comes to spectral conditions for Neumann(ǫ)-Neumann(L) or Dirichlet(ǫ)-
Neumann(L) b.c. for negative values of f¯ : f¯ = − tanh p ǫ (rǫ = 0) and
f¯ = −1/ tanh p ǫ (rǫ =∞) correspondingly. Surely it is a sort of miracle that
B-N approach gives simple expression (19) for the ratio of infinite products
of rather complex eigenvalues - solutions of equation (21).
3 One-loop quantum energy for asymptotic
b.c. in RS-model: L =∞ and L <∞
3.1 One-brane RS-model
In parallel with elementary example of section 2 we apply the B-N prescrip-
tion [6]-[9] for calculation of the ratio of determinants of operator Dˆ(p) (5)
defined like in [2] for zero b.c. at IR infinity (L = ∞) and for two double
trace asymptotics (3). Like in (12) the ratio of determinants is equal to the
ratio of Green functions (7) taken at z = z′ = ǫ:
Detf2Dˆ(p)
Detf1Dˆ(p)
=
Gf1(p; ǫ, ǫ)
Gf2(p; ǫ, ǫ)
=
I−ν(p ǫ) + f¯1(p)Iν(p ǫ)
I−ν(p ǫ) + f¯2(p)Iν(p ǫ)
· 1 + f¯2(p)
1 + f¯1(p)
≡ Q(p, ǫ).
(22)
f¯1,2 are defined in (7). For regular (f2 = ∞) and irregular (f1 = 0) asymp-
totics (3) ratio of corresponding determinants (22) is equal to I−ν(pǫ) / Iν(pǫ).
This was the result of ”Remark B” in Conclusion of [5].
For f¯1(2) given in (7) Q(p, ǫ) → 1 at p → ∞ (like Q0 in (19)). Then
one-loop energy corresponding to the ratio of determinants (22) is UV-finite:
V
(d)
f2
− V (d)f1 =
1
2
∫
ddp
(2π)d
ln Q <∞. (23)
This conclusion is not valid for ǫ = 0 in (22) that is in absence of UV-brane
screening AdS horizon. Thus here again - like in simple example of section
2 (cf. (19)) - ǫ plays a role of UV-regulator of UV divergencies of one-loop
vacuum energy (23).
In paper [2] f2 = f and f1 = 0 (irregular asymptotic b.c. denoted by
index ”-”) were considered. And from (22), (23) it follows:
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V˜ (d)(f) ≡ V (d)f − V (d)− = −
Ωd−1
2(2π)dǫd
∫
∞
0
yd−1dy ln
[
I−ν(y) + f¯(y, ǫ) Iν(y)
I−ν(y)(1 + f¯(y, ǫ))
]
,
(24)
where y = p ǫ, Ωd−1 is volume of (d − 1)-sphere of unit radius, and func-
tion f¯(y, ǫ) in (24) is easily seen from definition of f¯(p) in (7): f¯(y, ǫ) =
f (2ǫ)2νΓ(1 + ν) / y2νΓ(1 − ν). Thus potential (24) is actually a function of
dimensionless double-trace parameter f ǫ2ν .
Formula for difference of regular and irregular one-loop energies V
(d)
+ −V (d)−
follows from (24) when f =∞:
V
(d)
+ − V (d)− =
Ωd−1
2(2π)dǫd
∫
∞
0
yd−1dy ln
[
I−ν(y)
Iν(y)
]
=
2 sin(πν)Ωd−1
(2π)d+1d ǫd
∫
∞
0
yd−1dy
Iν(y) I−ν(y)
. (25)
This expression differs from the ones, also different, received for V+−V− with
standard procedure (8) in [2]-[4] and in [5]. The visible drawback of formulas
(23) - (25) is in their zero value for integer ν. However this is the difficulty
of all approach of papers [2]-[5] based upon different asymptotics at z → 0
of Iν and I−ν coinciding at ν integer.
Again in parallel with the simple example of section 2 it is worthwhile to
note that nice G-Y formula (16) for the ratio of determinants now takes the
form:
Detf2Dˆ(p)
Detf1Dˆ(p)
=
ǫ v′(p ǫ) + r2v(p ǫ)
ǫ v′(p ǫ) + r1v(p ǫ)
, (26)
and it exactly coincides with ratio (22) if we use in (26) functions determining
Green functions (7), that is if it is taken v(pz) = zd/2Kν(pz) and r1(2) are
built from uf = z
d/2[I−ν + f¯ Iν ] in a way similar to (20):
rǫ 1(2) = −
ǫ u′f1(2)(p ǫ)
uf1(2)(p ǫ)
= −d
2
− ǫ I
′
−ν(p ǫ) + f¯1(2)ǫ I
′
ν(p ǫ)
I−ν(p ǫ) + f¯1(2)Iν(p ǫ)
. (27)
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3.2 Two-branes RS-model
Introduction of the IR-brane at finite z = L < ∞ does not make the
task of calculation of the one-loop quantum energy too much more compli-
cated than in case of one-brane RS-model considered above. Green function
G
(L)
f−r(p; z, z
′) satisfying asymptotic b.c. (3) at z → 0 and certain Robin
b.c. zG′ + rG = 0 at z = L is given by the expression similar to (7)
where zd/2Kν(pz) must be changed to function vr(pz) obeying Robin b.c.
zv′ + rv = 0 at z = L:
vr(pz) =
π
2 sin πν
zd/2 [I−ν(pz)− γr(pL) Iν(pz)],
(28)
γr(pL) =
Ar[I−ν(pL)]
Ar[Iν(pL)]
, Ar[ψ(pz)] =
(
d
2
+ r
)
ψ(pz) + z ψ′(pz).
Here for any value of Robin parameter r: γr(pL) → 1, vr(pz) → zd/2Kν(pz)
at L → ∞. Finally Green function G(L)f−r is built from solutions of Eq. (5)
vr(pz) (28) and uf(pz) = z
d/2[I−ν(pz) + f¯ Iν(pz)] (like in (7)):
G
(L)
f−r(p; z, z
′) = −kd−1uf(z) vr(z
′) θ(z′ − z) + (z ↔ z′)
u′fvr − ufv′r
= −π k
d−1(zz′)d/2
2 sin πν
·
· [I−ν(pz) + f¯ Iν(pz)] [I−ν(pz
′)− γr(pL) Iν(pz′)] θ(z′ − z) + (z ↔ z′)
γr(pL) + f¯(p)
, (29)
where f¯(p) and γr(pL) are defined in (7) and (28).
Thus for L <∞ the looked for ratio of one-loop determinants of differen-
tial operator (5) determined by two values of parameter f in the double-trace
asymptotic condition (3) is given by slightly modified B-N formula (22):
Detf2−rDˆ(p)
Detf1−rDˆ(p)
=
G
(L)
f1−r
(p; ǫ, ǫ)
G
(L)
f2−r
(p; ǫ, ǫ)
=
I−ν(p ǫ) + f¯1(p)Iν(p ǫ)
I−ν(p ǫ) + f¯2(p)Iν(p ǫ)
· γr(pL) + f¯2(p)
γr(pL) + f¯1(p)
.
(30)
Surely this expression for ratio of determinants is also given by the RHS of
G-Y formula (26) if vr(pǫ) from (28) and rǫ 1,2 from (27) are used in (26).
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The visible feature of expression (30) is that its RHS includes two factors:
one depending only on ǫ and the other one depending only on L. Therefore
one-loop vacuum energy V
(d)
f2−r
− V (d)f1−r corresponding to ratio (30) and given
by standard expression (9) consists of two terms depending on ǫ and on L.
In particular taking in (30) f2 = ∞ and f1 = 0 the following formula for
difference of regular and irregular one-loop quantum energies is obtained in
two-branes RS-model:
V
(d)
+(L) − V (d)−(L) =
Ωd−1
2(2π)d
1
ǫd
∫
∞
0
yd−1dy ln
[
I−ν(y)
Iν(y)
]
−
(31)
Ωd−1
2(2π)d
1
Ld
∫
∞
0
yd−1dy ln


(
d
2
+ r
)
I−ν(y) + y I
′
−ν(y)(
d
2
+ r
)
Iν(y) + y I ′ν(y)

 .
In receiving (31) from general formula (30) the definition of γr(pL) given in
(28) was used.
It is instructive to compare this result with one-loop quantum energy in
RS-model calculated in [14], [15] where not asymptotic b.c. (3) but Robin b.c.
with fixed Robin coefficient is imposed at z = ǫ. Then, as it is shown in [14],
[15], UV-finite non-local term of the one-loop quantum potential calculated
for integer ν includes dependence on ln(L/ǫ), hence it gives hope for dynam-
ical explanation of the large mass hierarchy. Nothing of this kind is present
in expression (31). That is one-loop potential calculated for asymptotic b.c.
can not serve a tool of stabilization of IR-brane.
4 Conclusion: some tasks for future
The main message of this paper perhaps may be expressed in one word
”simplicity”. The surprising simplicity of Barvinsky-Nesterov (B-N) and
Gelfand-Yaglom (G-Y) methods of calculation of quantum determinants hope-
fully opens new possibilities in studying quantum effects in higher dimen-
sional models.
In particular one-loop potential (24) as a function of double-trace param-
eter f may be of the Coleman-Weinberg type in certain Schwinger-Dyson
gap equation determining f self-consistently.
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However, interesting results in this direction of thought may be expected
for integer ν when formulas of the paper can not be applied directly because
Iν = I−ν in this case. For ν integer Green function of differential operator
Dˆ(p) (5) may be easily constructed from zd/2Iν(pz) and z
d/2Kν(pz). Here
the problem is in the lack of physically motivated analogy of asymptotic
expression (2) when ν is integer. Hence it is not clear what may be the
dependence f¯(p) in (7) introduced in [2] in case of non-integer ν. Meanwhile
function f¯(p) essentially determines the form of the physically important
potential (24) of the double-trace parameter f .
Another possible field of future studying is construction of Schwinger-
DeWitt (S-DW) expansion in RS-model on the basis of B-N or G-Y methods
applied in this paper. In [5] it was shown that in one-brane RS-model S-DW
expansion for curvature in d-space is plagued by IR-divergencies in higher
terms of the expansion, and that these divergencies are regularized in two-
branes RS-model, that is when L <∞. The same role of the term depending
on L in expression (31) may be expected. This is the question for future
research.
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Appendix. G-Y formula and Casimir effect in
one line
Short explanation of the Gelfand-Yaglom approach was given in the Intro-
duction. Here we demonstrate on some physical problems that G-Y method
immediately gives familiar results obtained conventionally in a rather lengthy
way. Examples considered below refer to flat (d + 1)-dimensional space and
to elementary differential operator Dˆ0(p) (10).
1. Classical Dirichlet-Dirichlet problem (0 < z < L): φ(0) = 0, φ(L) = 0.
v = C · sinh(pz) is a solution of Eq. Dˆ0φ = 0 satisfying b.c. at z = 0. Then
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according to G-Y method ”Dirichlet-Dirichlet” determinant DetD−DDˆ0 ∼
sinh(pL). This yields expression for quantum potential in d dimensions:
V
(d)
D−D =
1
2
∫
ddp
(2π)d
ln [sinh(pL)] = A+BL− 1
Ld
Ωd−1
(2π)d 2d+1 d
∫
∞
0
yddy
ey − 1 ,
(32)
where volume of sphere of unit radius of dimension zero must be taken equal
to 2 (Ω1−1 = 2); A, B are irrelevant divergent constants. Last term in
(32) which is UV-finite and tends to zero at L → ∞ is Casimir potential
V
(d)
CasD−D. It is easy to check that (32) gives its well known [16] values in (1+1)
and in (3+1) dimensions: V
(1)
CasD−DL = −π/24, V (3)CasD−DL3 = −π2/1440
(for electromagnetic field this result must be multiplied by 2 - number of
polarizations of e-m field).
2. In the same way Casimir potential may be calculated in Dirichlet-
Neumann problem (DetD−NDˆ0(p) ∼ cosh pL) and in many other problems.
One of the striking examples of power of G-Ymethod is calculation of Casimir
potential in Md × S1 when z is a circle of length L = 2πρ. In this case
spectra of periodic (untwisted) or antiperiodic (twisted) modes are found
from equations cos(
√
λn − p2 L) = ±1. Then according to G-Y, in untwisted
case for example, DetuntwDˆ(p) ∼ (cosh pL − 1) (DettwDˆ(p) ∼ (cosh pL + 1)
for twisted modes). UV-finite term of vacuum energy
V
(d)
untw =
1
2
∫
ddp
(2π)d
ln [cosh(pL)−1] = A+BL− 1
Ld
Ωd−1
(2π)d d
∫
∞
0
yddy
ey − 1 , (33)
gives in particular well known results for d = 1: VCas untw = 4VCasD−D -
cf. (33) and (32), and for Casimir effect on torus in 5 dimensions, i.e. for
d = 4: V
(4)
Cas untw ·ρ4 = −3ζ(5)/(2π)6, received in [16], [17] with rather complex
calculations. It is easy to get in the same way well known values of Casimir
potential for twisted modes.
3. G-Y method also gives at once final formula for Casimir potential in
case of general mixed Robin b.c. imposed on solutions of Eq. Dˆ0φ = λφ on
both borders z = a and z = b (prime means derivative over z):
φ′(a) + raφ(a) = 0; φ
′(b) + rbφ(b) = 0, (34)
where ra,b are Robin ”masses”. Function v(z) = ra sinh p(z−a)−p cosh p(z−
a) is a solution of homogeneous equation Dˆ0v = 0 obeying Robin b.c. at
14
z = a. Then G-Y method says that DetDˆ0 ∼ (v′(b) + rbv(b)). This gives
straight away for the Casimir potential (which is UV-finite term of V =∫
ddp ln[v′(b) + rbv(b)]) expression identically coinciding with the massless
version of formula (22) of paper [18] (after substitutions p → x, b − a → a,
ra → β−12 , rb → β−11 ).
The generalization of the above formulas for the case of a massive scalar
field is obvious.
References
[1] E. Witten, ”Multi-trace operators, boundary conditions, and AdS/CFT
correspondence” [ArXiv: hep-th/0112258].
[2] S.S. Gubser and I. Mitra, Double-trace operators and one loop vac-
uum energy in AdS/CFT, Phys. Rev. D67 (2003) 064018 [ArXiv:
hep-th/0210093].
[3] T. Hartman and L. Rastelli, ”Double-trace deformations, mixed bound-
ary conditions and functional determinants in AdS/CFT”, JHEP 0801
(2008) 019 [ArXiv: hep-th/0602106].
[4] D.E. Diaz and H. Dorn, ”Partition functions and double-trace deforma-
tions in AdS/CFT”, JHEP 0705 (2007) 046 [ArXiv: hep-th/0702163].
[5] B.L. Altshuler, ”Sakharov’s induced gravity on the AdS background. SM
scale as inverse mass parameter of Schwinger-DeWitt expansion”, Phys.
Rev. D 92, 065007 (2015) [Arxiv: hep-th/1505.07421].
[6] A.O. Barvinsky and D.V. Nesterov, Quantum Effective Action in Space-
times with Branes and Boundaries, Phys. Rev. D73 (2006) 066012
[ArXiv: hep-th/0512291].
[7] A.O. Barvinsky, Quantum Effective Action in Spacetimes with Branes
and Boundaries: Diffeomorphism Invariance, Phys. Rev. D74 (2006)
084033 [ArXiv: hep-th/0608004].
[8] A.O. Barvinsky and D.V. Nesterov, Schwinger-DeWitt technique for
quantum effective action in brane induced gravity models, Phys. Rev.
D81 (2010) 085018 [ArXiv: hep-th/0911.5334].
15
[9] A.O. Barvinsky, Holography beyond conformal invariance and AdS isom-
etry?, JETP 147, No.2 (2015) [ArXiv: hep-th/1410.6316].
[10] I.M. Gelfand and A.M. Yaglom, Integration in Functional Spaces and
its Applications in Quantum Physics, J. Math. Phys., 1, 48 (1960).
[11] G.V. Dunne, Functional determinants in Quantum Field Theory, J.
Phys. A 41, 304006 (2008) [ArXiv: hep-th/0711.1178].
[12] K. Kirsten and A. J. McKane., Functional determinants by con-
tour intergration methods, Ann. Phys. 308, 502 (2003) [ArXiv:
math-ph/0305010].
[13] K. Kirsten and P. Loya, Computation of determinants using contour
integrals, Am. J. Phys. 76, 60-64 (2008) [ArXiv: hep-th/0707.3755].
[14] W.D. Goldberger and I.Z. Rothstein, Quantum Stabilization of
Compactified AdS5, Phys. Lett., B491, 339-344 (2000) [ArXiv:
hep-th/0007065].
[15] J. Carriga and A. Pomarol, A stable hierarchy from Casimir forces and
the holographic interpretation, Phys. Lett, B560, 91-97 (2003)[ArXiv:
hep-th/0212227].
[16] V.M. Mostepanenko and N.N. Trunov, ”The Casimir effect and its ap-
plication”, Energoatomizdat, Moscow, 1990 [Engl. transl: Oxford Uni-
versity Press, 1997].
[17] F. Candelas and S. Weinberg, Calculation of gauge couplings and com-
pact circumferences from self-consistent dimensional reduction, Nucl.
Phys. B237, 397-441 (1984).
[18] E. Elizalde, S.D. Odintsov, A.A. Saharian, Repulsive Casimir effect from
extra dimensions and Robin boundary conditions: from branes to pistons,
Phys. Rev. D 79, 065023 (2009) [ArXiv: hep-th/0902.0717].
16
